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Sec.0.1] Introduction

Thisdocumentescribeghe solutionto Exercise15.40n page 716.

The basicimplementatiorof the Monte Carlo samplingmethodsin theimple-
mentationof the InfiniteAreaLight light sourceusesa cosine-weightedlis-
tribution of directionsover the hemispherevhensamplingincidentillumination
directionsat the point being shaded.While this samplingdistribution is guaran-
teedto leadto the correctresultin thelimit (dueto having a non-zeroprobability
of selectingary particulardirection),it mayleadto high variancein directlighting
estimatesf the ervironmentmap usedfor illumination is muchbrighterin some
partsthanothers.Almostall environmentmapsof realisticscenesave this prop-
erty; Figurel shavs two examples.

This documentshavs how to usethe ervironmentmapto de ne a probability
densityfunction for importancesamplingover the sphereof directions. This ap-
proachis easyto implementandsubstantiallyreduceghe varianceof imagesren-
deredusingernvironmentmapillumination becausé doesa goodjob of matching
the distribution of one of the termsin the direct lighting integrand. In conjunc-
tion with Multiple ImportanceSamplingto weightthe sampledaken, high quality
imagescanbegenerateétrelatively low samplingrates.

Figure2 shavs two imagesof the Audi TT carmodelilluminatedby the morn-
ing skylight environmentmapfrom Figure 1. Thetop imagewasrenderedusing
thesimplecosine-weightedamplingdistribution, while thebottomimagewasren-
deredusingthe improved samplingmethodimplementechere. Both imagesused
just 32 shadav sampleger pixel. For the samenumberof samplegaken andat
negligablecomputationatost,the new samplingmethodcomputesa substantially
betterresultwith muchlower variance.

With an ervironmentmapwith smallerregionsof bright focusedight like the
St. Peterservironmentmapis usedfor illumination, usingimportancesamplingn
this manneris even moreeffective. With the cosinesamplingmethod,sometimes
noneof thesamplewill bein theimportantbrightregionsandothertimesmary of
themwill be. Theendresultis excessive variance.Thekilleroo imagesn Figure3
compardghetwo samplingapproachewith the St. Peters ervironmentmap.

In contrastto methodsfor environment map samplinglike those developed
by Kollig andKeller (Kollig andKeller 2003)and Agarwal et al. (Agarwal, Ra-
mamoorthi, Belongie, and Jenser2003), this approachrequiresalmostno pre-
computationtime (asopposedo minutesof preprocessingime). As with those
approacheghereis negligible computationatostat rendeftime. In our experi-
ence,it givesresultswith equivalentquality to thosefrom thoseapproachesvith
substantialljessimplementatiorcompleity.

ThelnfiniteAreaLightlS light sourceimplementshe samplingmethodde-
scribedabore. Most of its implementatioris the sameas InfiniteAreaLight X
we will justdiscusghedifferencedere.

Therearethreemainstepsto the samplingapproachmplementedhere;



Figure 1: A latitude-longitudeervironmentmap from a simulationof the early
morningsky (top) and an ervironmentof St. Peters Cathedralbottom). These
imagesare usedfor illuminating the TT modelin Figure 2 and the Killeroo in

Figure 3. Theseernvironmentmapscover multiple ordersof magnitudein varia-
tion of theradiancdunction's value. (ImagescourtesyNolan GoodnightandPaul

Debevec,respectiely.).
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Figure2: TT carmodelilluminatedby themorningskylight ervironmentmap,ren-
deredwith four imagesamplegperpixel andeightlight sourcesamplegperimage
sample. The top image shawvs the resultfrom using a uniform samplingdistri-
bution, whlie the bottomimageshavs the improvementfrom the methodimple-
mentedhere.Notethata total of just 32 light sampleger pixel givesanexcellent
resultwith thisapproach.



Figure3: Killeroo illuminatedby the St. Peters cathedrakrnvironmentmap,ren-
deredwith fourimagesampleperpixel andsixteenlight sourcesamplegperimage
sample.Thetopimagewasrenderedisinga uniform samplingdistritution, giving
aresultwith very high variance . The bottomimageshawvs the substantiaimprove-
mentfrom the methodimplementechere.
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Figure4: 1D exampleof nding a piecavise-constantunction (solid lines) that
approximates piecavise linearfunction (dashedines)for useasa samplingdis-
tribution for importancesampling. Even thoughsomeof the samplepointsthat
de ne thepiecaviselinearfunction(soliddots)maybezero-walued,thepiecavise-
constanffunction mustnot be zeroover a nite range.A reasonabl@pproacho
avoid this case shavn hereandimplementedn the InfiniteAreaLightl S inte-
grator isto nd theaveragevalueof the functionover somerangeandusethatto
de ne the piecavise-constantunction.

De ne apiecavise-constanD functionin imagecoordinatesu v, p u v
thatis basedon the distribution of theradiancefunctionrepresentedy the
ervironmentmap.

Develop a samplingmethodto transformuniformly distributed 2D random
numberdo samplesiravn from the piecavise-constanp u v distrikution.

De ne aprobabilitydensityfunctionoverdirectionsontheunit spherebased
ontheprobabilitydensityover u v .

The combinationof thesethreestepsmalesit possibleto generatesampleson
the sphereof directionsaccordingo a distribution thatmatchesheradianceunc-
tion very closely leadingto substantialariancereduction.

The InfiniteAreaLightlS constructorprecomputeghe piecavise-constant
functionandits CDFfor sampling.The rst stepin this processs to transformthe
continuously-de nedspectraradiancgunctionde ned by the ervironmentmap's
texelsto a piecavise-constanscalarfunction by computingits luminanceat a set
of samplepointsusingthe Spectrum:ty() ~ method.Therearethreethingsto note
in thecodebelov thatdoesthis computation.

First, it computessaluesof the radiancefunction at the samenumberof points
astherearetexelsin the original imagemap. It could useeithermore or fewer
points,leadingto a correspondingncreaseor decreasén memoryusewhile still
generatingvalid samplingdistribution, however. Thesevalueswork well, though,
asfewer pointswould leadto a samplingdistribution thatdidn't matchthefunction
aswell while morewould mostlywastememory

The secondthing of notein this codeis that the piecavise constantfunction
valuesbeingstoredherein img arefoundby slightly blurringtheradiancunction
with the MIPMap::.Lookup()  method(ratherthanjust copying the corresponding
texel values). The motivation for this is subtle; Figure 4 illustratesthe ideain



1D. Becauséhe continuougradiancefunction usedfor renderingis reconstructed
by bilinearly interpolatingbetweentexels in the image,just becausesometexel
is completelyblack, for example,the radiancefunction may be non-zeroa tiny
distanceaway from it dueto a neighboringtexel's contribution. Becauseve are
using a piecavise-constanfunction for samplingratherthan a piecavise-linear
one,it mustaccountfor this issuein orderto ensuregreateithan-zergprobability
of samplingary pointwherethe radiancefunctionis non-zero.(Alternatvely, we
couldusea piecavise-linearfunctionfor importancesamplingandthusmatchthe
radiancefunctionexactly. However, it's easierto drav samplesrom a piecavise-
constantfunction’s distribution and becauseervironmentmapsgenerallyhave a
large numberof texel samplesa piecavise-constantunction sufces to matchits
distribution well.)

Finally, notethattheloopsovernu andnv andtheindexing schemausedfor the
img arrayareinterchangedersusypical C++ usaggwherethe outlerloop would
beovernv ratherthannu andwhereimg would beindexed asimg[u+v*nu] . We
madetheseslightly unusuakhoicesheresothatlatercodecanmorecloselymatch
themathematic®f thesamplingmethods derivation.

Computescalarvaluedimage fromervironmentmap
float filter = 1f [ max(width, height);
int  nu = width, nv = height;
float  *img = new floatjwidth*height I;
for (int u =20 u<nu ++u) {
float up = (float)u | (float)nu;
for (int v =0; v <nv +tv) {
float vp = (float)v I (float)nv;
img[v+u*nv] = radianceMap->Looku p(up, vp, filter).y();

}

Like the InfiniteAreaLight , InfiniteArealLightl S storestheimageusing
aMIPMap.

In niteArealLightlSPrivate Data
Spectrum  Lbase;
MIPMap<Spectrum> *radianceMap;

Samplingfrom the 2D pieceavise-constantunctionnow storedin theimg array
canbe doneasa two-stepprocess.Intuitively, rst we choosesamplealongone
columnof theimage,basedon a 1D probability densityde ned by the integral of
thefunctionalongthe columns.(Thus,columnswith relatively brightervironment
map function valuesare morelikely to be selected.)Next, given sucha column
we needto samplefrom the distribution of the function along the column, Each
of thesestepsis just a 1D samplingproblem. Figure 5 shaws this ideawith a
low-resolutionimage.

More formally, to understanchow to drav a samplefrom a a 2D distribution
p u v, recallfrom Sectionl4.5thatfor generaimultidimensionajoint probability
distributions, eachdimensionmustbe sampledn turn in a mannerbasedon the
samplevalueschoserfor previousdimensions.

For the casehere,considera function f u v de ned over 2 by asetof nyny
values fg ¢ where fy ¢ givesthe value of f overtherangeuu 1 vv 1.
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Figure5: Plot of the piecavise-constansamplingdistribution for the St. Peters
ervironmentmap(top) andthe maiginal densityfunctionp, u (bottom).Firstthe
1D distribution at the bottomis usedto selecta u value, giving a column of the
imageto sample.Columnswith bright pixelsaremorelikely to be sampled.Then,
givenacolumn,avaluev is sampledrom thatcolumn’s 1D distribution.

Recallthatthejoint distribution of a 2D functionis de ned as

fuv

puv f uv dudv

Thanksto f's de nition, integrals of its value are simple sumsof f;y values,so
that

Duv fuv
é.ué.vfﬂv
As usual,we will de ne
o O
I'f fuvdudv g a fav
u v

Themawginal densityp, u is easilyfoundasasumof fyg values

évfﬁv

't

pu u puv dv

for A u . Notethatp u isitself a piecavise constanfunctionwith n, values.
Thesevaluesbe easilycomputedn a preprocessingtep,andthusu samplescan
be taken from its distribution usingthe approackor samplingpiecevise constant
functiondescribedn Section14.3.4.
Givensuchau sampletheconditionaldensitypy, vu is
faa
puv T
Puu puu

Py VU



If the piecavise constantp, u functionis represente@sa setof valuesgg with
theconventionsabore, we have

pv Vu

itself apiecavise-constanfunctionthatcanbesampledvith thesameone-dimensional
approach.

Given this contet, the following fragmentfrom the InfiniteAreaLightlS
constructorcomputeshe piecavise constantdistribution p, u aswell asthe n,
distinct piecavise constantdistributions p vu . First someworking memoryis
allocatedand the value of sing for eachrow of the latitude-longitudeimageis
computedTheuseof thesesing valueswill beexplainedshortly

Initialize samplingPDFsfor in nite arealight

float *func = (float  *)alloca(max(nu, nv) * sizeof(float));
float *sinvVals = (float  *)alloca(nv * sizeof(float));
for (int i =0; i <nv, ++)

sinValsi] = sin(M_PI * float(i+.5)/float( nv) );
vDistribs = new Distribution1D *[nu;

for (int u =20 u<nu ++tu) {
Computesamplingdistribution for columnu

}

Computesamplingdistribution for columnsof image

In niteArealLightlSPrivate Data
Distribution1D *uDistrib, *vDistribs;

Firstthep vu distributionsarefound. Thefunctionvaluesarecopiedfrom the
luminancemageinto thetemporaryfunc buffer andaremultiplied by thevalueof
sing correspondindo the g valueeachrow haswhenthelatitude-longitudemage
is mappedo the sphere Notethatthis multiplicationhasno effectonthesampling
methods correctnessbecausats valueis always greaterthan zero, we are just
reshapinghe samplingPDFE The motivationfor adjustingthe PDFis to eliminate
the affect of the distortionfrom mappingthe 2D imageto the unit spherein the
samplingmethodhere.lt will befully explainedlater

Note alsothatthis loop linearly stepsthroughtheimg arrayin memory If img
had beeninitialized previously with the usualindexing schemeimg[u+vnu] —
thenthis loop would have a strideof nu oats in memory leadingto mary more
cachemisseslndeedthisinitialization stepis nearlyanorderof magnitudeslower
if theusualsteppings used.

Computesamplingdistribution for columnu
for (int v =0, v <nv, +tv)

funclv] = img[u*nv+v]  * sinVals|v];
vDistribs[u] = new Distribution1D(func , nv);
Distribution1D is asmallutility classthatrepresenta piecavise-constaniD

function's distribution.



Sec.0.2] Implementation

Utility ClassesandFunctions
struct  Distribution1D {
Distribution1D Methods
Distribution1D Data

g
TheDistribution1D constructotakesthevaluesof apiecavise-constanfunc-
tion f with n values. It makesits own copy of the functionvalues,computeshe

function's CDF, andstoressomeauxiliary data,includingtheintegral of the func-
tion, funcint  andits reciprocaljnvFuncint

Distribution1D Methods
Distribution1D(flo at *, int n) {
func = new float[n];
cdf = new float[n+1];
count = n;
memcpy(func, f, n*sizeof(float));
ComputeStepldCDF( fun ¢, n, &funcint,  cdf);

invFuncint = 1.f [ funcint
invCount = 1.f / count;
}
Distribution1D Data
float  *func, *cdf;
float  funcint, invFunclnt, invCount;
int count;

Giventheconditionaldensitiedor eachcolumnof theimage,wean nd thelD
densityfor samplinga particularcolumn,p, u . TheDistribution1D classstores
the integral of its piecavise-constanfunction in its funcint  membervariable,
soit's just necessaryo copy thesevaluesto the func buffer and constructthe
Distribution1D forpy, u.

Computesamplingdistribution for columnsof image
for (int u =20, u<nu ++u)

funclu] = vDistribs[u]->func Int ;
uDistrib = new Distribution1D(fu nc, nu);

Given this precomputeddata, the task of the samplingmethodis relatively
straightforvard. Given a pair of uniformly distributed randomvariables x; x»
over 0 12, it dravs a samplefrom the function's distribution usingthe sampling
algorithmdescribedreviously, givinga u v valueandthevalueof theprobabil-
ity densityfunctionfor takingthis samplep u v . The u v sampleis mappedo
sphericakoordinatedy
pv 2pu
Ny Ny
andthenusingthesphericakcoordinatesormulato give thedirectionw xy z.

qf
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In niteAreaLightlSDe nitions

Spectrum  InfiniteAreaLightl S::Sample_L(c onst Point &p, float ul,
float u2, Vector *wi, float *pdf,
VisibilityTester *visibility) const {

Find oating-point u v samplecoodinates
Corvert samplepoint to directionon theunit sphee
ComputePDF for sampleddirection
Returnradiancevaluefor direction

}

As describedpreviously, rst a sampleis dravn from the p, u distribution in
orderto nd theu coordinateof the sample. Roundingthis oating point value
down giveswhich columnto usefor samplingthev value.

Find oating-point u v samplecoodinates

float  pdfs[2];

float  fu = uDistrib->Sample(u 1, &pdfs[0]);

int u = Clamp(Float2Int(fu) , 0, uDistrib->count-1);
float fv = vDistribs[u]->Samp le( u2, &pdfs[1]);

Distribution1D ‘s Sample() methodis verysimilarto SampleStepld() . The
only differencesarethatit returnsavalueover 0 ,nhot 0 1, it takesfewer
parameterssincethe Distribution1D classvariablesstoremary of the values
neededandit isinline , thusmakingcallsto it moreef cient.

Distribution1D Methods
float  Sample(float u, float *pdf) {
/I Find surrounding  cdf segments
float  *ptr = std::lower_bound(c df, cdf+count+l,  u);
int offset = (int)  (ptr-cdf-1);
/I Return offset along current cdf segment
u = (u - cdfloffset]) | (cdffoffset+1] - cdf[offset]);
*pdf = funcfoffset] * invFuncint;
return  offset + u;

}

Giventhe u v sampleposition,it's easyto rst corvertthistoa qf sample
andthenceto adirectiononthe sphere.

Corvert samplepointto directionon the unit sphee

float theta = fv * vDistribs[u]->invCo unt * M_PI
float phi = fu * uDistrib->invCount *2f * M_PI
float costheta = cos(theta), sintheta = sin(theta);

float  sinphi = sin(phi), cosphi = cos(phi);
*wi = LightToWorld(Vecto  r(s in the ta * cosphi, sintheta  * sinphi,
costheta));

Recallthatthe probability densityvaluesreturnedoby the light sourcesampling
routinesmustbe de ned in termsof the solid anglemeasureon the unit sphere.
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Therefore,this routine mustnow computethe transformatiorbetweenthe sam-
pling densityused whichwastheimagefunctionover n, n, andthecorrespond-
ing densityafterthe imagehasbeenmappedo the unit spherewith the latitude-
longitudemapping. (Recallthatthe latitude-longitué parameterizatioof anim-
age qf isx rsinqcosf,y rsingsinf,andz rcosg.)

First, considerthefunctiong thatmapsfrom uv to gqf ,

guv —

Theabsolutevalueof the determinanbf the JacobianJy is 2p? nyn, . Applying
the multidimensionalchangeof variablesequationfrom Section14.4.1on page
648,we can nd thedensityin termsof sphericakoordinatesq f .

NuNy
2p2

Fromthede nition of sphericalcoordinatesit is easyto determinethatthe ab-
solutevalue of the Jacobianfor the mappingfrom rqf to xyz is r2sing.
Sincewe areinterestedn the unit spherer 1, andagainapplying the multi-
dimensionalchangeof variablesequationto nd the nal relationshipbetween
probability densitiesn termsof the probability densityfor the samplefrom q f
constanfunctionto thedirectiononthesphere,

pqf puv

pqf Nuny
sinq puv 2p?sing

pw

Thisis thekey relationshipfor applyingthis technique:it letsus samplefrom the
pieceavise-constandistribution de ned by theimagemapandtransformthesample
andits probabilitydensityto bein termsof directionson the unit sphere.

Herewe cannow seewhy the initialization routinesmultiplied the valuesof
the piecavise-constansamplingfunction by a sinq term. Considerfor examplea
constant-gluedervironmentmap: with the p u v samplingtechniqueall q f
valuesare equally likely to be chosen. Due to the mappingto directionson the
sphere however, this would leadto moredirectionsbeingsamplechearthe poles
of the sphere,not a uniform samplingof directionson the sphere which is the
desiredresult. The 1 sing termin the p w PDF correctsfor this non-uniform
samplingof directionsso that correctresultsare computedin Monte Carlo esti-
mates.Giventhis stateof affairs, however, it's betterto have modi ed thep u v
samplingdistribution sothatit' s lesslik ely to selectdirectionsnearthe polesin the
rst place.

ComputePDF for sampledirection
*pdf = (pdfs[0] * pdfs[l]) [/ (2f * M_PlI * M_PI * sintheta);

Returnradiancevaluefor direction
visibility->SetRay (p, *wi);
return  Lbase * radianceMap->Look up(fu * uDistrib->invCount,
fv * vDistribs[u]->invCou nt);

ComputingthePDFgivenadirectionis alsoprettystraightforvard. Thismethod
justneeddo corvertthedirectionw to the correspondingu v coordinatesn the
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samplingdistribution. Giventhesethe PDFp u v is easilycomputedastheprod-
uctof thetwo 1D PDFs,adjustedor themappingto thesphereasdonepreviously.
In niteArealLightISDe nitions
float  InfiniteAreaLightl S:: Pdf(c onst Point &,
const Vector &w) const {
Vector wi = WorldToLight(w);
float theta = SphericalTheta(wi), phi = SphericalPhi(wi);

int u = Clamp(Float2int(p ~ hi * INV_TWOPI * uDistrib->count),
0, uDistrib->count-1);
int v = Clamp(Float2Int(t heta * INV_PI * vDistribs[u]->cou nt) ,
0, vDistribs[u]->count -1)
return  (uDistrib->funcfu] *vDistribs[u]->func[ v)) |/
(uDistrib->funcint *vDistribs[u]->funcl nt) *

1f [/ (2f * M_PI * M_PI * sin(theta));

0.1 Theimplementatiorherestill doesnt useary form of importancesampling
for samplingrays leaving the light sourcefor useby integratorslike the
Photonlintegrator that follow pathsstartingfrom the light source. Fig-

ureouthow to applythis samplingtechniqueo thatcaseaswell andrender
imagesshaving theimprovementfrom doing so.

0.2 One potentialshortcomingof this samplingmethodis the caseof an ervi-
ronmentmapwith extremely small extremely bright regions. In that case,
all of the samplesaken may endup in the very bright area,with nonein
the dimmerareasJeadingto a poor strati cation of samples.If the bright
parthappengo be occludedat a particularpoint beingshadeduchthatthe
dimmerareasof the ervironmentmaparethe only onesthatilluminate the
point, the approacherewill not be effective. Constructa scenewherethis
problemoccurs.ls this problemevidentwith real-world ervironmentmaps?
How muchdoesthe BSDF samplingdonefor multiple importancesampling
in thedirectlighting calculationamelioratethis problem?
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