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Sec.0.1] Introduction 1

Thisdocumentdescribesthesolutionto Exercise15.4on page 716.

���������	��

���������������

Thebasicimplementationof theMonteCarlosamplingmethodsin the imple-
mentationof the InfiniteAreaLight light sourceusesa cosine-weighteddis-
tribution of directionsover the hemispherewhensamplingincident illumination
directionsat the point beingshaded.While this samplingdistribution is guaran-
teedto leadto thecorrectresultin the limit (dueto having a non-zeroprobability
of selectingany particulardirection),it mayleadto highvariancein directlighting
estimatesif theenvironmentmapusedfor illumination is muchbrighterin some
partsthanothers.Almost all environmentmapsof realisticsceneshave this prop-
erty;Figure1 shows two examples.

This documentshows how to usethe environmentmapto de�ne a probability
densityfunction for importancesamplingover the sphereof directions.This ap-
proachis easyto implementandsubstantiallyreducesthevarianceof imagesren-
deredusingenvironmentmapilluminationbecauseit doesa goodjob of matching
the distribution of oneof the termsin the direct lighting integrand. In conjunc-
tion with Multiple ImportanceSamplingto weightthesamplestaken,high quality
imagescanbegeneratedat relatively low samplingrates.

Figure2 shows two imagesof theAudi TT carmodelilluminatedby themorn-
ing skylight environmentmapfrom Figure1. The top imagewasrenderedusing
thesimplecosine-weightedsamplingdistribution,while thebottomimagewasren-
deredusingthe improvedsamplingmethodimplementedhere.Both imagesused
just 32 shadow samplesperpixel. For thesamenumberof samplestaken andat
negligablecomputationalcost,thenew samplingmethodcomputesasubstantially
betterresultwith muchlowervariance.

With anenvironmentmapwith smallerregionsof bright focusedlight like the
St. Peter'senvironmentmapis usedfor illumination,usingimportancesamplingin
this manneris evenmoreeffective. With thecosinesamplingmethod,sometimes
noneof thesampleswill bein theimportantbrightregionsandothertimesmany of
themwill be.Theendresultis excessive variance.Thekilleroo imagesin Figure3
comparethetwo samplingapproacheswith theSt. Peter's environmentmap.

In contrastto methodsfor environment map samplinglike thosedeveloped
by Kollig andKeller (Kollig andKeller 2003)andAgarwal et al. (Agarwal, Ra-
mamoorthi,Belongie,and Jensen2003), this approachrequiresalmostno pre-
computationtime (asopposedto minutesof preprocessingtime). As with those
approaches,thereis negligible computationalcostat render-time. In our experi-
ence,it givesresultswith equivalentquality to thosefrom thoseapproacheswith
substantiallylessimplementationcomplexity.

�������������! "�# $�	�&%	���'���

TheInfiniteAreaLightIS light sourceimplementsthesamplingmethodde-
scribedabove. Most of its implementationis the sameasInfiniteAreaLight ;
wewill justdiscussthedifferenceshere.

Therearethreemainstepsto thesamplingapproachimplementedhere:
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Figure 1: A latitude-longitudeenvironmentmap from a simulationof the early
morningsky (top) andan environmentof St. Peter's Cathedral(bottom). These
imagesare usedfor illuminating the TT model in Figure 2 and the Killeroo in
Figure3. Theseenvironmentmapscover multiple ordersof magnitudein varia-
tion of theradiancefunction's value.(ImagescourtesyNolanGoodnightandPaul
Debevec,respectively.).
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Figure2: TT carmodelilluminatedby themorningskylight environmentmap,ren-
deredwith four imagesamplesperpixel andeight light sourcesamplesper image
sample. The top imageshows the result from using a uniform samplingdistri-
bution, whlie the bottomimageshows the improvementfrom the methodimple-
mentedhere.Notethata total of just 32 light samplesperpixel givesanexcellent
resultwith thisapproach.
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Figure3: Killeroo illuminatedby theSt. Peter's cathedralenvironmentmap,ren-
deredwith four imagesamplesperpixel andsixteenlight sourcesamplesperimage
sample.Thetop imagewasrenderedusingauniformsamplingdistribution,giving
aresultwith veryhighvariance.Thebottomimageshows thesubstantialimprove-
mentfrom themethodimplementedhere.
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Figure4: 1D exampleof �nding a piecewise-constantfunction (solid lines) that
approximatesa piecewise linearfunction(dashedlines)for useasa samplingdis-
tribution for importancesampling. Even thoughsomeof the samplepoints that
de�ne thepiecewiselinearfunction(soliddots)maybezero-valued,thepiecewise-
constantfunctionmustnot bezeroover a �nite range.A reasonableapproachto
avoid this case,shown hereandimplementedin theInfiniteAreaLightI S inte-
grator, is to �nd theaveragevalueof thefunctionover somerangeandusethatto
de�ne thepiecewise-constantfunction.

� De�ne a piecewise-constant2D functionin imagecoordinates
�

u � v� , p
�

u � v�

that is basedon thedistribution of theradiancefunctionrepresentedby the
environmentmap.

� Developa samplingmethodto transformuniformly distributed2D random
numbersto samplesdrawn from thepiecewise-constantp

�

u � v� distribution.

� De�ne aprobabilitydensityfunctionoverdirectionsontheunit spherebased
on theprobabilitydensityover

�

u � v� .

Thecombinationof thesethreestepsmakesit possibleto generatesampleson
thesphereof directionsaccordingto adistribution thatmatchestheradiancefunc-
tion veryclosely, leadingto substantialvariancereduction.

The InfiniteAreaLightIS constructorprecomputesthe piecewise-constant
functionandits CDFfor sampling.The�rst stepin thisprocessis to transformthe
continuously-de�nedspectralradiancefunctionde�ned by theenvironmentmap's
texels to a piecewise-constantscalarfunctionby computingits luminanceat a set
of samplepointsusingtheSpectrum::y() method.Therearethreethingsto note
in thecodebelow thatdoesthiscomputation.

First, it computesvaluesof theradiancefunctionat thesamenumberof points
as therearetexels in the original imagemap. It could useeithermoreor fewer
points,leadingto a correspondingincreaseor decreasein memoryusewhile still
generatingavalid samplingdistribution,however. Thesevalueswork well, though,
asfewerpointswouldleadto asamplingdistribution thatdidn't matchthefunction
aswell while morewouldmostlywastememory.

The secondthing of note in this codeis that the piecewise constantfunction
valuesbeingstoredherein img arefoundby slightly blurringtheradiancefunction
with the MIPMap::Lookup() method(ratherthanjust copying thecorresponding
texel values). The motivation for this is subtle; Figure 4 illustratesthe idea in
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1D. Becausethecontinuousradiancefunctionusedfor renderingis reconstructed
by bilinearly interpolatingbetweentexels in the image,just becausesometexel
is completelyblack, for example,the radiancefunction may be non-zeroa tiny
distanceaway from it dueto a neighboringtexel's contribution. Becausewe are
using a piecewise-constantfunction for samplingratherthan a piecewise-linear
one,it mustaccountfor this issuein orderto ensuregreater-than-zeroprobability
of samplingany point wheretheradiancefunctionis non-zero.(Alternatively, we
couldusea piecewise-linearfunctionfor importancesamplingandthusmatchthe
radiancefunctionexactly. However, it' s easierto draw samplesfrom a piecewise-
constantfunction's distribution andbecauseenvironmentmapsgenerallyhave a
largenumberof texel samples,a piecewise-constantfunctionsuf�ces to matchits
distribution well.)

Finally, notethattheloopsovernu andnv andtheindexing schemeusedfor the
img arrayareinterchangedversustypicalC++ usage(wheretheoutlerloopwould
beover nv ratherthannu andwhereimg would beindexedasimg[u+v*nu] . We
madetheseslightly unusualchoicesheresothatlatercodecanmorecloselymatch
themathematicsof thesamplingmethod's derivation.

�

Computescalar-valuedimage fromenvironmentmap��� �����
	���
���
��

float filter = 1.f / max(width, height);
int nu = width, nv = height;
float *img = new float[width*height ];
for (int u = 0; u < nu; ++u) {

float up = (float)u / (float)nu;
for (int v = 0; v < nv; ++v) {

float vp = (float)v / (float)nv;
img[v+u*nv] = radianceMap->Looku p(u p, vp, filter).y();

}
}

Like theInfiniteAreaLight , InfiniteAreaLightI S storestheimageusing
a MIPMap.

�

In�niteAreaLightISPrivateData��� �����
	���
���
��

Spectrum Lbase;
MIPMap<Spectrum> *radianceMap;

Samplingfrom the2D piecewise-constantfunctionnow storedin theimg array
canbe doneasa two-stepprocess.Intuitively, �rst we choosesamplealongone
columnof theimage,basedon a 1D probabilitydensityde�ned by the integral of
thefunctionalongthecolumns.(Thus,columnswith relatively brightenvironment
mapfunction valuesaremorelikely to be selected.)Next, given sucha column
we needto samplefrom the distribution of the function alongthe column,Each
of thesestepsis just a 1D samplingproblem. Figure 5 shows this idea with a
low-resolutionimage.

More formally, to understandhow to draw a samplefrom a a 2D distribution
p � u � v� , recallfrom Section14.5thatfor generalmultidimensionaljoint probability
distributions,eachdimensionmustbe sampledin turn in a mannerbasedon the
samplevalueschosenfor previousdimensions.

For thecasehere,considera function f � u � v� de�ned over �

2 by a setof nunv

values fũ � ṽ where fũ � ṽ gives the value of f over the range � u � u � 1����� v� v � 1� .
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Figure5: Plot of the piecewise-constantsamplingdistribution for the St. Peter's
environmentmap(top)andthemarginaldensityfunction pu � u� (bottom).First the
1D distribution at the bottomis usedto selecta u value,giving a columnof the
imageto sample.Columnswith brightpixelsaremorelikely to besampled.Then,
givenacolumn,avaluev is sampledfrom thatcolumn's 1D distribution.

Recallthatthejoint distribution of a2D functionis de�ned as

p � u � v���

f � u � v�

���

f � u � v� dudv �

Thanksto f 's de�nition, integralsof its valuearesimplesumsof f ũ � ṽ values,so
that

p � u � v���

f � u � v�

å u å v fũ � ṽ �

As usual,we will de�ne

I f ����� f � u � v� dudv � å
u

å
v

fũ� ṽ
�

Themarginaldensitypu � u� is easilyfoundasasumof fũ � ṽ values

pu � u���
� p � u � v� dv �

å v fũ � ṽ

I f
�

for Äu �
	 u� . Notethat pu � u� is itself a piecewiseconstantfunctionwith nu values.
Thesevaluesbeeasilycomputedin a preprocessingstep,andthusu samplescan
betaken from its distribution usingtheapproachfor samplingpiecewiseconstant
functiondescribedin Section14.3.4.

Givensuchau sample,theconditionaldensitypv � v � u� is

pv � v � u���

p � u � v�

pu � u�

�

f Äu 
 Äv
I f

pu � u�
�
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If the piecewise constantpu � u� function is representedasa setof valuesgũ with
theconventionsabove,wehave

pv � v � u���

� fũ � ṽ �

I f �

gũ
�

itselfapiecewise-constantfunctionthatcanbesampledwith thesameone-dimensional
approach.

Given this context, the following fragmentfrom the InfiniteAreaLightIS
constructorcomputesthe piecewise constantdistribution pu � u� aswell asthe nu

distinct piecewise constantdistributions p � v � u� . First someworking memoryis
allocatedand the value of sinq for eachrow of the latitude-longitudeimageis
computed.Theuseof thesesinq valueswill beexplainedshortly.

�

Initialize samplingPDFsfor in�nite arealight ��� �����
	���
���
��

float *func = (float *)alloca(max(nu, nv) * sizeof(float));
float *sinVals = (float *)alloca(nv * sizeof(float));
for (int i = 0; i < nv; ++i)

sinVals[i] = sin(M_PI * float(i+.5)/float( nv) );
vDistribs = new Distribution1D *[nu];
for (int u = 0; u < nu; ++u) {

�

Computesamplingdistribution for columnu � �

}
�

Computesamplingdistribution for columnsof image � �

�

In�niteAreaLightISPrivateData��� � �����
	���
���
��

Distribution1D *uDistrib, **vDistribs;

First thep � v � u� distributionsarefound.Thefunctionvaluesarecopiedfrom the
luminanceimageinto thetemporaryfunc buffer andaremultipliedby thevalueof
sinq correspondingto theq valueeachrow haswhenthelatitude-longitudeimage
is mappedto thesphere.Notethatthismultiplicationhasnoeffectonthesampling
method's correctness:becauseits value is alwaysgreaterthanzero,we are just
reshapingthesamplingPDF. Themotivationfor adjustingthePDFis to eliminate
the affect of the distortionfrom mappingthe 2D imageto the unit spherein the
samplingmethodhere.It will befully explainedlater.

Notealsothat this loop linearly stepsthroughthe img arrayin memory. If img
had beeninitialized previously with the usual indexing scheme–img[u+v*nu] –
thenthis loop would have a strideof nu �oats in memory, leadingto many more
cachemisses.Indeed,this initializationstepis nearlyanorderof magnitudeslower
if theusualsteppingis used.

�

Computesamplingdistribution for columnu ��� ��� � 	����

for (int v = 0; v < nv; ++v)
func[v] = img[u*nv+v] * sinVals[v];

vDistribs[u] = new Distribution1D(func , nv);

Distribution1D is asmallutility classthatrepresentsapiecewise-constant1D
function's distribution.
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�

Utility ClassesandFunctions��� �����
	���
���
��

struct Distribution1D {
�

Distribution1DMethods� �

�

Distribution1DData � �

};

TheDistribution1D constructortakesthevaluesof apiecewise-constantfunc-
tion f with n values. It makesits own copy of the functionvalues,computesthe
function's CDF, andstoressomeauxiliary data,includingtheintegral of thefunc-
tion, funcInt andits reciprocal,invFuncInt .

�

Distribution1DMethods��� �����
	�� �

Distribution1D(flo at *f, int n) {
func = new float[n];
cdf = new float[n+1];
count = n;
memcpy(func, f, n*sizeof(float));
ComputeStep1dCDF( fun c, n, &funcInt, cdf);
invFuncInt = 1.f / funcInt;
invCount = 1.f / count;

}
�

Distribution1DData��� �����
	����

float *func, *cdf;
float funcInt, invFuncInt, invCount;
int count;

Giventheconditionaldensitiesfor eachcolumnof theimage,wean�nd the1D
densityfor samplingaparticularcolumn,pu � u� . TheDistribution1D classstores
the integral of its piecewise-constantfunction in its funcInt membervariable,
so it' s just necessaryto copy thesevaluesto the func buffer and constructthe
Distribution1D for pu � u� .

�

Computesamplingdistribution for columnsof image��� �����
	�� �

for (int u = 0; u < nu; ++u)
func[u] = vDistribs[u]->func Int ;

uDistrib = new Distribution1D(fu nc, nu);

Given this precomputeddata, the task of the samplingmethodis relatively
straightforward. Given a pair of uniformly distributed randomvariables � x1 � x2 �

over � 0 � 1
� 2, it draws a samplefrom thefunction's distribution usingthesampling

algorithmdescribedpreviously, giving a � u � v� valueandthevalueof theprobabil-
ity densityfunctionfor takingthis sample,p � u � v� . The � u � v� sampleis mappedto
sphericalcoordinatesby

� q � f ���

�

pv
nv

�

2pu
nu �

andthenusingthesphericalcoordinatesformulato give thedirectionw � � x � y� z� .
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�

In�niteAreaLightISDe�nitions��� � ��� � 	���
���
��

Spectrum InfiniteAreaLightI S: :Sa mpl e_L(c ons t Point &p, float u1,
float u2, Vector *wi, float *pdf,
VisibilityTester *visibility) const {

�

Find �oating-point � u � v� samplecoordinates��� �

�

Convert samplepoint to directionon theunit sphere ��� �

�

ComputePDF for sampleddirection ��� �

�

Returnradiancevaluefor direction ��� �

}

As describedpreviously, �rst a sampleis drawn from the pu � u� distribution in
order to �nd the u coordinateof the sample. Roundingthis �oating point value
down giveswhichcolumnto usefor samplingthev value.

�

Find �oating-point � u � v� samplecoordinates��� �����
	������

float pdfs[2];
float fu = uDistrib->Sample(u 1, &pdfs[0]);
int u = Clamp(Float2Int(fu) , 0, uDistrib->count-1);
float fv = vDistribs[u]->Samp le( u2, &pdfs[1]);

Distribution1D 's Sample() methodis verysimilar to SampleStep1d() . The
only differencesarethatit returnsavalueover � 0 ������	�

� � , not � 0 � 1� , it takesfewer
parameters,sincethe Distribution1D classvariablesstoremany of the values
needed,andit is inline , thusmakingcallsto it moreef�cient.

�

Distribution1DMethods��� � �����
	����

float Sample(float u, float *pdf) {
// Find surrounding cdf segments
float *ptr = std::lower_bound(c df, cdf+count+1, u);
int offset = (int) (ptr-cdf-1);
// Return offset along current cdf segment
u = (u - cdf[offset]) / (cdf[offset+1] - cdf[offset]);
*pdf = func[offset] * invFuncInt;
return offset + u;

}

Giventhe � u � v� sampleposition,it' s easyto �rst convert this to a � q � f � sample
andthenceto a directionon thesphere.

�

Convert samplepoint to directionon theunit sphere��� ����� 	 �����

float theta = fv * vDistribs[u]->invCo unt * M_PI;
float phi = fu * uDistrib->invCount * 2.f * M_PI;
float costheta = cos(theta), sintheta = sin(theta);
float sinphi = sin(phi), cosphi = cos(phi);
*wi = LightToWorld(Vecto r(s in the ta * cosphi, sintheta * sinphi,

costheta));

Recallthattheprobabilitydensityvaluesreturnedby thelight sourcesampling
routinesmustbe de�ned in termsof the solid anglemeasureon the unit sphere.
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Therefore,this routinemustnow computethe transformationbetweenthe sam-
pling densityused,whichwastheimagefunctionover � nu � nv � andthecorrespond-
ing densityafter the imagehasbeenmappedto theunit spherewith the latitude-
longitudemapping.(Recallthat the latitude-longitude parameterizationof an im-
age � q � f � is x � r sinqcosf , y � r sinqsinf , andz � r cosq.)

First,considerthefunctiong thatmapsfrom � u � v� to � q � f � ,

g � u � v���

�

pv
nv

�

2pu
nu �

�

Theabsolutevalueof thedeterminantof theJacobian� Jg � is 2p2
�

� nunv � . Applying
the multidimensionalchangeof variablesequationfrom Section14.4.1on page
648,wecan�nd thedensityin termsof sphericalcoordinates� q � f � .

p � q � f ��� p � u � v�

nunv

2p2
�

Fromthede�nition of sphericalcoordinates,it is easyto determinethattheab-
solutevalue of the Jacobianfor the mappingfrom � r � q � f � to � x � y� z� is r 2 sinq.
Sincewe are interestedin the unit sphere,r � 1, andagainapplying the multi-
dimensionalchangeof variablesequationto �nd the �nal relationshipbetween
probabilitydensitiesin termsof theprobabilitydensityfor thesamplefrom � q � f �

constantfunctionto thedirectionon thesphere,

p � w � �

p � q � f �

sinq
� p � u � v�

nunv

2p2 sinq
�

This is thekey relationshipfor applyingthis technique:it letsussamplefrom the
piecewise-constantdistributionde�nedby theimagemapandtransformthesample
andits probabilitydensityto bein termsof directionson theunit sphere.

Herewe cannow seewhy the initialization routinesmultiplied the valuesof
thepiecewise-constantsamplingfunctionby a sinq term. Considerfor examplea
constant-valuedenvironmentmap: with the p � u � v� samplingtechnique,all � q � f �

valuesareequally likely to be chosen.Due to the mappingto directionson the
sphere,however, this would leadto moredirectionsbeingsamplednearthepoles
of the sphere,not a uniform samplingof directionson the sphere,which is the
desiredresult. The 1

�

sinq term in the p � w � PDF correctsfor this non-uniform
samplingof directionsso that correctresultsarecomputedin Monte Carlo esti-
mates.Giventhis stateof affairs,however, it' s betterto have modi�ed the p � u � v�

samplingdistributionsothatit' s lesslikely to selectdirectionsnearthepolesin the
�rst place.

�

ComputePDF for sampleddirection��� �����
	������

*pdf = (pdfs[0] * pdfs[1]) / (2.f * M_PI * M_PI * sintheta);
�

Returnradiancevaluefor direction��� ��� � 	�� ���

visibility->SetRay (p, *wi);
return Lbase * radianceMap->Look up( fu * uDistrib->invCount,

fv * vDistribs[u]->invCou nt );

ComputingthePDFgivenadirectionis alsoprettystraightforward.Thismethod
just needsto convert thedirectionw to thecorresponding� u � v� coordinatesin the
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samplingdistribution. Giventhese,thePDFp � u � v� is easilycomputedastheprod-
uctof thetwo 1D PDFs,adjustedfor themappingto thesphereasdonepreviously.

�

In�niteAreaLightISDe�nitions��� � ��� � 	���
���
��

float InfiniteAreaLightI S:: Pdf(c ons t Point &,
const Vector &w) const {

Vector wi = WorldToLight(w);
float theta = SphericalTheta(wi), phi = SphericalPhi(wi);
int u = Clamp(Float2Int(p hi * INV_TWOPI * uDistrib->count),

0, uDistrib->count-1);
int v = Clamp(Float2Int(t het a * INV_PI * vDistribs[u]->cou nt) ,

0, vDistribs[u]->count -1) ;
return (uDistrib->func[u] * vDistribs[u]->func[ v]) /

(uDistrib->funcInt * vDistribs[u]->funcI nt) *
1.f / (2.f * M_PI * M_PI * sin(theta));

}

���

 "
 � ���  ��

0.1 Theimplementationherestill doesn't useany form of importancesampling
for samplingrays leaving the light sourcefor useby integratorslike the
PhotonIntegrator that follow pathsstartingfrom the light source. Fig-
ureouthow to applythissamplingtechniqueto thatcaseaswell andrender
imagesshowing theimprovementfrom doingso.

0.2 Onepotentialshortcomingof this samplingmethodis the caseof an envi-
ronmentmapwith extremelysmall extremelybright regions. In that case,
all of the samplestaken may endup in the very bright area,with nonein
the dimmerareas,leadingto a poor strati�cation of samples.If the bright
parthappensto beoccludedat a particularpoint beingshadedsuchthat the
dimmerareasof theenvironmentmaparetheonly onesthat illuminate the
point, theapproachherewill not beeffective. Constructa scenewherethis
problemoccurs.Is thisproblemevidentwith real-world environmentmaps?
How muchdoestheBSDFsamplingdonefor multiple importancesampling
in thedirectlighting calculationamelioratethisproblem?
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